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This document presents the methodology for analyzing conserved quantum number fluctuations in
the MPD-NICA experiment. The study aims to provide insights into the event-by-event variations
of conserved quantities, such as strangeness, which is relevant to locating the critical point of the
QCD phase diagram. We used UrQMD data generated and reconstructed in the MPD-NICA for
the analysis. We applied efficiency and centrality bin width corrections to the data

I. INTRODUCTION

Understanding the behavior of matter under extreme
conditions is a fundamental aspect of Quantum Chromo-
dynamics (QCD). High energy heavy-ion collisions pro-
vide an opportunity to study the QCD phase diagram.
QCD offers a well-established framework for describing
the strong interaction; however, studying its properties
at nonzero baryonic chemical potential remains a signif-
icant challenge. The properties of QCD matter in the
high-baryon density domain have become a very active
field of research, particularly in relation to the study of
the QCD phase diagram. The existence of a critical end
point in the QCD phase diagram is hypothesized and ac-
tively investigated on the QCD phase diagram [T}, 2], and
is a major focus of ongoing heavy-ion collision experi-
ments. The cumulants of conserved quantum numbers,
such as electric charge, baryon number, or strangeness,
have been shown to be sensitive indicators of critical be-
havior. The MPD-NICA [3] experiment, currently under
development, is designed to explore the QCD phase dia-
gram by studying heavy-ion collisions in the energy range
vVSnN = 4-11 GeV. This energy range is excellent for in-
vestigating the critical end point through fluctuations of
conserved quantum numbers, which are expected to ex-
hibit abrupt changes in their behavior.

The present document addresses the analysis of cumu-
lants and its corrections for detection efficiency and vol-
ume fluctuations.

A. Statistical cumulants

Let AN represent the net particle number for a given
species (kaons for strangeness, protons for baryon num-
ber) within a single event, defined as AN = N — N where
N is the particle multiplicity and N the antiparticle mul-
tiplicity per event. Utilizing the average net multiplic-
ity, (AN), and the deviation from its mean value, 6N =
AN — (AN), the first four cumulants (C,, n =1,2,3,4)
are defined as follows:

Cy = (AN), Co=((6N)?)

C3=((6N)%), Ci=((6N)*) = 3((6N)*)*.

These cumulants are related to statistical moments as:
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where the parameters of the distribution are: mean (M),
standard deviation (o), skewness (S) and kurtosis (k).
In the grand canonical ensemble, the partition function
Z(V,T, u) governs the statistical behavior of the system.
The cumulants of conserved quantities can be expressed
in terms of derivatives of log Z concerning the chemical
potential, leading to a direct relation with generalized

susceptibilities (x\™) M, as

1 O"logZ

Cn =73 9(qg/T)"

= VT3 (2)

where V' is the volume, T is the temperature, and p,
is the chemical potential associated with the conserved
number ¢q. The susceptibility can be computed within
QCD, directly connecting experimental measurements
and theoretical predictions. Moreover, these observables
are directly linked to the correlation length and thermo-
dynamic susceptibilities [5]. Critical points are character-
ized by the divergence of the correlation length (£). By
utilizing QCD models, we establish a significant link be-
tween fluctuation cumulants and the correlation length[3]

CQ ~ 527 CS ~ 54.57 C4 ~ 67' (3)

To remove explicit volume dependence, we use the fol-
lowing cumulant ratios:

C. M G Ci
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Given their sensitivity to the correlation length and their
connection to susceptibilities, the moments of distribu-
tions tied to conserved quantities are sensitive probes for
investigating the QCD critical point and the associated
phase transition.



II. METHODOLOGY

The analysis was done with two wagons devel-
oped within the MpdRoot software framework (version
23.12.24) [6]. The first wagon (Efficiency wagon) pro-
vides the detector efficiency calculation while the second
wagon (Cumulants wagon) calculates the corrected cu-
mulants with the Factorial Cumulants method [7], us-
ing the efficiency output of the first one. Both wagons
use the Centrality wagon and the Particle Identification
(PID) wagon to compute the first four cumulants of the
net-kaon multiplicity distribution across various central-
ity classes. The wagons have a parameter list:

e mZvtxCut: z vertex cut (cm).

e nPIDsigTPC: maximum no cut for the TPC.
e nPIDsigTOF: maximum no cut for the TOF.
e mNofHitsCut: minimal number of TPC hits.
e mEtaCut: maximal pseudorapidity.

e mPtminCut: minimal pp.

e mPtmaxCut: maximal pyp.

e mDCACut; maximum DCA in therms of no.
e mYCut: maximum rapidity.

e mCentBins: number of bins for the Centrality Bin
Width Correction (CBWC).

The analysis is performed for both Monte Carlo gen-
eration and reconstructed and identified particles. In
the case of reconstructed data, a correction is imple-
mented using factorial moments and identification effi-
ciency. The reconstructed analysis does not depend on
Monte Carlo data. The output of the Efficiency wagon
is a root file containing the efficiency of charged pions,
protons, antiprotons, and charged kaons for all selected
centrality bins. The output of the Cumulants wagon is
a root file with the factorial moments calculated in the
analysis. The cumulants are then computed using facto-
rial moments and efficiency.

A. Analyzed data sample

For this study, the Request 25 [8] dataset provided by
the MPD collaboration was used. The dataset consists of
Bi+Bi events from the UrQMD event generator collisions
at a center-of-mass energy of /syy = 9.2 GeV. A total
of 3 x 10% events were analyzed. The Time Projection
Chamber (TPC) and the Time-of-Flight (TOF) detectors
were used to analyze data.

B. Event Selection

For the events, the following selection criteria were ap-
plied:

e Collision vertex z-position: |V,| < 80 cm to reject
background events which involve interactions with
the detectors.

e Presence of at least one charged kaon in the event.
The vertex distribution can be seen in Fig. [I| After cuts,
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FIG. 1. z-Vertex distribution(left) and xy—vertex distribu-
tion (right). The region between red lines indicate the events
for this analysis.

the data sample was reduced by 50%.

C. Track Selection

For track selection, the following requirements were
imposed:

e Minimum number of TPC hits required for track
reconstruction: Nyits > 15 out of a maximum of 54
possible hits in the TPC.

e Distance of closest approach: |opcal < 2 in or-
der to suppress contamination by tracks from sec-
ondary vertices.

e Transverse momentum: 0.4 < pr < 1.2 GeV/ec.
e Pseudorapidity: |n| < 0.5.

The TPC hits requirement (Np;¢5 > 15) ensures the qual-
ity of the reconstructed tracks, the distribution is shown
in Fig. ]

These selection criteria are consistent across the cen-
trality and PID wagons to fully utilize the MPD detector
capabilities while ensuring reliable event reconstruction
and purity of particle identification.

D. Kaon Identification

Particle identification in the MPD experiment relies
on the Time Projection Chamber (TPC) and the Time-
of-Flight (TOF) detectors. The TPC records ionization
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FIG. 2. Number of TPC hits distribution.
represent the lower limits for this analysis.

The red lines

signals as particles traverse the detector, providing mea-
surements of energy loss. The TOF detector measures
the time of flight of particles, allowing mass determina-
tion. Combining information from both detectors en-
hances the accuracy of particle identification. To ensure
correct TOF matching with TPC, and prevent track mis-
matches, a selection of the number of sigmas on z coordi-
nate in the TOF (ncTOFdz) and the number of sigmas
on azimuthal angle, ¢, on TOF (noTOFd¢), are shown
in Fig. [3] The tracks satisfying cuts of |[noTOFdz| < 2
and [ncTOFd¢| < 2 indicated by horizontal lines, are
considered good for the analysis.
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FIG. 3. noTOFdz (left) and noTOFd¢ (right) distributions.
The selected tracks are between the red lines.

To ensure maximum efficiency in the identification,
momentum-dependent selection criteria are employed:
The TOF information is used for tracks with pr > 0.5
GeV. This selection criterion was applied after analyzing

the TOF efliciency, defined as

Nror(pr) (5)

etor(pr) = Nevo(pr)

where Nrpc is the number of tracks registered using the
TPC and Nror is the number of tracks registered us-
ing TOF. The TOF efficiency is shown in Fig. For
tracks with pr < 0.5 GeV/c, if there is a mismatch
(IncTOFdz| > 2 or |noTOFd¢| > 2), only TPC infor-
mation is used. For all other cases (pr > 0.5), both TPC
and TOF information are used to maximize identification
accuracy.
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FIG. 4. TOF efficiency.

The list of selection criteria applied for kaon identifi-
cation is as follows:

epr < 05 GeV/e, if |noTOFdz] > 2 or
|[noTOFd¢| > 2, then the identification criteria is
|[noTPC(K)| < 2 and (TPC-only identification).

epr < 05 GeV/e, if |noTOFdz|] < 2 or
[ncTOFd¢| < 2, the identification criteria is
[ncTPC(K)| < 2, and |[noTPC(K)l < 2

(TPC+TOF identification).

e pr > 0.5 GeV/c, the identification criteria is
[neTPC(K)| < 2, IncTOFdz| < 2, [ncTOFd¢| <
2, |IneTPC(K)| < 2 (TPC+TOF identification)

Distributions of the number of sigmas on TPC
(neTPCE ) and TOF (noTOFX) are presented in Fig.
where the selected tracks are those between horizontal
lines.

The distributions of the average energy loss and square
mass, respectively, as a function of the transverse mo-
mentum normalized to the charge, are shown before cuts
in Fig. [} and after cuts in Fig. [7]

The efficiency of the kaon identification as a function
of transverse momentum is defined as

K* Num. of K identified
€pID =

(6)

Num. of K generated
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FIG. 5. noTPC(K) (left) and nocTOF(K) (right) distribu-
tions as a funciton of transverse momentum. The selected
traces are between the red lines.
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FIG. 6. Energy deposited in TPC (left) and the m? in TOF
(right) distributions as a function of transverse momentum
normalized before particle identification.
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FIG. 7. Energy deposited in TPC (left) and the m? in TOF
(right) distributions as a function of transverse momentum
normalized after kaon identification.

while the purity and the contamination are defined as

+ Num. of True positive identified K+

K= _
PUIPID = Num. of K+ identified

+ Num. of False positive identified K+
contf;.(ID = (8)
Num. of K* identified

) (7)

where the generated K corresponds to Monte Carlo K.
The efficiency of particle identification as a function of
transverse momentum is displayed in Fig. [8] while Fig. [J]
illustrates contamination and purity of the identification
process. Purities of K and K~ samples are better than
98% for all the pr range.
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III. RESULTS AND DISCUSSION

A. TUncorrected net kaon multiplicity distributions
and Cumulants

In Fig. the net multiplicity of kaons is shown for

Monte Carlo data, minimum bias at generation and re-
constructed level, for central (0%-10%), and peripheral
(50%-60%) collisions. An increase in discrepancy is ob-
served going from peripheral to central collisions.
Fig [11] shows the first four cumulants (C1,C2, C3, C4)
and the ratios C3/C2 and C4/C2 for Monte Carlo (with
legend MC) and reconstructed (with legend PID) kaons.
As expected, these raw values are affected by accep-
tance and efficiency effects, and don’t yet reflect the true
physics.
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FIG. 10. Net multiplicity of kaons. In blue, Monte Carlo data
(MC), in red reconstructed data (PID). Without centrality se-
lection (left), and for central and peripheral collisions (right).
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FIG. 11. First four cumulants and cumulant ratios of Kaon
net multiplicity distribution as a function of the centrality. In
blue, the Monte Carlo data, while in red, the reconstructed
data.

B. Volume fluctuation correction

The initial collision geometry is estimated using par-
ticle multiplicities, which cannot be measured directly.
This introduces a centrality bin width effect caused by
volume variations [9] within a finite centrality bin size.
To mitigate this effect, we employ the Centrality Bin
Width Correction (CBWC) [10, [II] where the cumulants
are calculated using:

nrci,r
Ci= S, o)

where n,. represents the number of events in the r-th mul-
tiplicity bin for the centrality determination, C; , are the
i-th order cumulants of particle number distributions at
r-th multiplicity. The cumulants are sensitive to error; to
mitigate the event loss from choosing multiplicity bins,
finite centrality bins were used. Fig. [12| shows the calcu-
lated cumulants as a function of centrality for different
centrality bin sizes (10%, 5% and 2.5%), Fig. [13| shows
the cumulant calculation as a function of centrality, cor-
rected by CBWC, for three centrality bin width sizes:
10%, 5% and 2.5%.

For the third and fourth cumulants, it is clear that
the 10% centrality bin width exhibits significant devia-
tions compared to those with 5% and 2.5%. This result
highlights the importance of considering the CBWC. In
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FIG. 12. Cumulants of the net kaon multiplicity as a function
of centrality calculated for 10%, 5%, and 2.5% centrality bin
width.

Ref.[12], it is shown that 2.5% almost overlaps the cumu-
lants with CBWC.

C. Efficiency correction

Due to finite detection efficiency and its dependence
on transverse momentum, it is necessary to implement
corrections [I3]. Assuming a detector 100% efficiency,
the produced net particles (N) follow a probability dis-
tribution function, P(N), while the measured particles n
follow:

p(n) =Y _w(n|N)P(N), (10)

N

where w(n|N) denotes the probability distribution of ob-
serving n particles given IV produced particles. The prob-
ability distribution, w(n|N) in Eq. can be modeled
using a binomial distribution. The factorial moments
(Fii), of the P(N), and f;; for the p(n), distributions
are defined as [14]:

P = <(N]\i!i)! (NNk)!>’ fue= <(nTjZ)'(nfk)'>
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FIG. 13. Cumulants of the net kaon multiplicity as a function
of centrality calculated with correction using bin size of 10%,
5%, and 2.5%.

where the overline refers to antiparticles. The factorial
moments are related to the first four cumulants as:

C1 = Fo1 — Foa, (12)
Cy = N — Cf + Fyp — 2F11 + Fao, (13)
C3 = Cy +2C} — Fo3 — 3Fp2 + 3F13 + 3F3 — 3F

+ F30 — 3C1(N + Foa — 2F11 + Fy), (14)

Cy= N —6C} + Fog + 6Fp3 + TFye — 2Fy; — 6F12
— 4F13 + TFyg — 6F1 + 6F52 + 6F30 — 4F31 + Fyo
+ 12CF(N + Fop — 2F11 + Fa) — 3(N + Foo — 2F1y
+ Fy)? — 4C1(Cy — Fys — 3Fps + 3F12 + 3Fy
— 3F5 + Fgo). (15)

To incorporate transverse momentum dependence to the
efficiency [7, [I5] from the particle z, and from the nega-
tive particle Z, we introduce local factorial moments A;x
and a;:

Aig (1, 23T, -, T) = (N(21)[N(22) = 00y0,)]
[N(xz) _5w1,m - _6931 1,90L]N( ) _551,52)]”'
[7(51) - 5:1:1’301- T m 1,wz]> (16)

aik (x1,.. xi;fl, oo @) = (nx)[n(xe) — 0y 2,)] - -
[n(ml) - 117% - 5-75'i—1775i]ﬁ(§2) - 551752)] e
[ﬁ(jl) 9317$i - 61i—17$i]>’ (17)

were the subscripts refer to the transverse momentum
bins used in the correction. Using the relations

R Y%

<X Ty

zk 1'17...,.931‘;51,...,%0 (18)

and

E(LUZ')E(fl) .. .E(fi)Aik, (19)
where € and € are the local efficiency of the detector to
identify the particle N and N. Using the equations
and we get the relation between the factorial cumu-
lants of the produced particle distribution and the mea-
sured local factorial moments Eq.

- v

sLi T,

Qi = 6(1‘1) N

Ak 1’17 c s T Ty )

) (T1) .. 6(%)

(20)

To correct the data, we have to select the bin size in
the efficiency distribution. In Fig. an efficiency dis-
tribution is shown with four different bins. Using this
distribution, the corrected cumulants are shown in Fig.
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FIG. 14. Efficiency (red) and efficiency rebining used in the
correction (blue) for K+ (left) and K~ (right) identification.

After applying local efficiency corrections, we obtain
the cumulants of the net-kaon multiplicity distributions
as a function of centrality. As can be seen, the corrected
cumulants can now be studied.

IV. STATISTICAL UNCERTAINTY

Since higher-order cumulants are particularly sensitive
to the shape of the multiplicity distributions, a precise
estimation of statistical uncertainties is essential. In this
analysis, the Delta theorem method [14, [16] and Boot-
strap method [14], [I7] were used.
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of centrality. Using Monte Carlo data (blue) and corrected
using efficiency binning.

A. Delta Theorem method

This method uses the central limit theorem, in which
the variance of the statistic C,, can be calculated as [12):

V(Cy) =) @f(") (g%) Cov(Xi, X;), (21)

i,j=1

where Cov(X;,X;) is the covariance between the ran-
dom variables X; and X;. The efficiency corrected cu-
mulants and moments are expressed in terms of factorial
moments. The covariance between factorial moments is
1]

COV(fT,sa fu,v) = %(f(ru),(sv) - frsfuv)a (22)

where f(,4),(su) is defined as:

X, X! X! X!

ﬂ””“*‘<MAM(X1M(X2@(X110>(%)

If the acceptance of the kaon is € = 1, the statistical
uncertainties can be expressed as the square roots of the
variances:

Var(Cy) = ,ug/n7 (24)
Var(Cy) = (=3 + pa) /1, (25)
Var(C3) = (93 — Bpiapa — i3 + pi6) /1, (26)
Var(Cy) = (3645 + 48p5 s + 64u2u3 (27)

— 12pu0p16 — Spisps — pi + ps)/m. (28)

where p,, = ((6N)™) are the nth-order central moments.
This means that statistical uncertainty depends on the
width of the distribution. For similar event statistics,
the statistical uncertainties are larger in central collisions
than in peripheral collisions. To add the efficiency depen-
dence to the statistical uncertainties we used the formula

Var(Ch,)

Ea

Err(C,) x (29)
where n is an integer, € is the efficiency and a > 0 is a
real number.

B. Bootstrap method

The Bootstrap method is a computer intensive resam-
pling method [I4]. If we have a sample of N events, one
makes B new samples with IV events, which are chosen
randomly with replacement from the original sample. We
calculate the quantity C,, with all the B samples, and the
uncertainty of the quantity is estimated by the variance

of the quantities of the B samples,
1B
b
b=1

1 B
52(Ch)? -
b=1

where C? is the cumulant for the sample number b. In
this analysis, we divided the number of events N into 150
sets, each containing 20000 events, to create the new sam-
ples, and the total number of new samples is B = 150.
The bootstrap method has complications if the quantity
whose variance is being estimated depends heavily on
the tails of the distribution. In Ref.[14] 18], the Boot-
strap method is compared with the Delta method, show-
ing that the Bootstrap method can be used to compute
the statistical errors.

V(Cn) = Bi

V. OUTLOOK
A. Centrality self-correlations

Self-correlation effects appear when the centrality
classes are calculated using the particles used for fluctu-
ation analyses (in this example, the kaons). To eliminate
this effect, it is important to exclude kaons from charged
particles for centrality selection [I0]. This means it is
necessary to redefine centrality and add a new wagon or
update the Centrality Wagon to calculate the centrality
for the fluctuations analyses.



B. Volume fluctuations correction

The Centrality Bin Width Correction (CBWC) pro-
vides an approximation to reduce the dependence on vol-
ume fluctuations. This effect can be mitigated by assum-
ing that, for any r-th multiplicity bin, the corresponding
average volume V7" is proportional to the mean number

of participants (N7,,):

VT = <N£art>% (31)

where Vy = 2.83, fm® [19]. We then substitute

Ny
r— N' = — 32
n . (32)
to compute the cumulants. This yields the reduced devi-
ation

ny ny
o)
for the distribution of the conserved quantity N". To
apply this correction, only the mean number of partic-
ipants in each multiplicity bin, (Nj,.), is required, as
suggested in Ref. [20]. This feature can be integrated

into the Centrality Wagon in a future update.

C. Another centrliaty definition

A new centrality definition for analyzing higher-order
cumulants was proposed in Ref. [21], to reduce volume

fluctuations; however, the possible improvement could
be done with real data to compare with the correction
method described here.

VI. CONCLUSION AND FINAL REMARKS

In this technical note, we present a systematic anal-
ysis of the cumulants of strangeness as conserved quan-
tum numbers. The methodology applied considers Monte
Carlo data generated with UrQMD and reconstructed
with MPDRoot within the MPD. Computed cumulants
were corrected by efficiency and centrality bins. The re-
sults suggest that in a clean sample of around 10° events,
the MPD experiment will be able to measure the cumu-
lants. However, the error should be analyzed carefully
to obtain a better understanding than what is published.
This analysis can be extended for baryon number conser-
vation.
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